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M ultiuserM IM O  

Capacity Regions
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M ultiuserM ultiuserScenarioScenario

A very interesting scenario to exploit the benefits of 
M IM O  is the m ultiuserscenario, w here a single Base 
Station (BS) com m unicates w ith several geographically 
separated users   Broadcast channel

There is also the dual, the M AC (M ultiple access) channel
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M otivations for G oingM otivations for G oing M ultiuserM ultiuser

M ulti-userm akes certain things difficult:
-Dealing w ith users ofunequalchannelconditions (fairness issues)
-M ixing antenna filtering and scheduling problem s into a harder
problem
-M ultiple users cannotcooperate as w ellas m ultiple antennas on a
single device
-Leads to m ultiple (ratherthan single) pow erconstraints
-In BC, in the absence ofCSIT, userm ultiplexing is generally not
possible

Butothers m uch easier: (w e have the userdim ension)
-Provides m ulti-userdiversity (less reliance on antenna diversity)
-Provides decorrelation ofspatialsignatures
-Allow s foruser-(in addition to stream -)m ultiplexing w ith low
com plexity receivers
-Low  rank channels no longera problem butan advantage
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The BC is the m ost challengingThe BC is the m ost challenging

•Linear and non-linear precoding

•Channel State Inform ation feedback

•M ultiuserreceivers

•Userselection and Scheduling strategies

•Pow ercontrol and otherradio resource m anagem ent

•Differentsights

•From inform ation theory pointofview

•From signalprocessing pointofview

•From netw ork/protocolpointofview

… because of downloads bottleneck
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LessonsLessons learnedlearned formform Inform ationInform ation TheoryTheory

( ) [ ]log 1 /C SNR bps Hz= +In single user SISO
In MU-MIMO:

( ) [ ]log 1 /k
k

C SNIR bps Hz= +∑ ?
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AlsoAlso ……
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There m ay be several“capacities” in m ulti-usertx.,

Unlike single-usertx. 

The capacity region is the toolin m ulti-usertx.

-Itis the largestunion (orconvexhull) ofallbps vectors

-Any pointoutside this region results in at leastone of

the receivers having a BER bounded aw ay from 0 no

m atterw hatcoding is used

……
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Forthe single antenna case

MACMAC

Chain rule, SIC decoder, K! corners
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MACMAC

2

1

.36 .1log 2 1 .64
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Exam ple: r2

r1

Decode 1, then 2

Decode 2, then 1

1.48                             12.64

0.64

11.80

r1 + r2=13.28=log2(1+10000)

First alternative Optimal alternative with SIC
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h1=0.8
h2=0.6
P1=P2=1



MUMU--MIMOMIMO APSAAPSA Master MeritMaster Merit
1414

r2

r1

B

A
C









+=

oN
PxyxI 2

21 1log);(









+

oN
P11log









+

+
oNP

P

1

21log









+

+=
oNP

PyxI
2

1
2 1log);(

1 2
1 2 log 1 MAC

sum
o

P Pr r C
N

 +
+ = + = 

 

r1=r2
1 2 1R R β+ =

1 2 2R R β+ =

Capacity region

MACMAC

Csym

TDMA 1 2. (1 ).C r rβ β= + −

FDMA:
( ) ( )

1 2
1 2log 1 1 log 1

1o o

P Pr r
N N

β β
β β

  
< + < − +    −   

The best strategy:
All users should access simultaneously
Note that at low SNR: power limited
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MACMAC

Capacity region C: set of all achievable rate vectors
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Forthe m ultiple antenna case

MACMAC

Interesting forpracticaldesigns
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Forthe M U-M IM O       (Kusers, N, M )

MACMAC
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Forthe M U-M IM O

MACMAC

Capacity Region
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Forthe single antenna case

BCBC

M ore aboutr1 and r2?

Note that ( )
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y2 is a degraded version of y1

At each rx: the codew ord intended fory2 can also be 

decoded by y1 and viceversa (SIC)
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At rx 2: SIC, the performance of user 2 (the strongest one) is then   
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At rx 1 (weak): the weak user can only decode its own signal and user 2 acts as 
interference

W ith respectto the M AC, users orderis reversed: the strongestuserhas

the betterquality. Note thatdecoding order(1,2) produces sm allerr2 and 

User1 w ould have less energy to use than w ith order2,1

Fairness problem

NO W , there is no closed expressión forr1+r2 ??

Forthe single antenna case

BCBC
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Best policy in BC-SISO if there is CSIT: one user at a time as we will see later on

Rate 1

R
at
e
2

Superposition coding and asymmetric channels. 
Both users transmit with total power constraint.
The curve is due to the global power constraint

However, SIC may present error propagation, therefore other multiuser detectors
may be more practical or if CSIT is available Dirty Paper coding can be carried out,
where s2 is coded in the already contaminated environment by s1

By simulating both cases for 
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Forthe single antenna case
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Forthe single antenna case

BCBC

O therim plem entation: Dirty PaperCoding at tx

Itis dual to SIC rx: interference cancellation at tx(CSIT)
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44 Received signal Y=X+S, Received signal Y=X+S, --11≤≤XX≤≤11
6 S know n to transm itter, not receiver

44 M odulo operation rem oves the interference effectsM odulo operation rem oves the interference effects

6 Set X so that Y[-1,1]=desired m essage (e.g. 0.5)
6 Receiver dem odulates m odulo [-1,1]

-1 +3 +5+1-3

…
-5 0

S

-1 +10

-1 +10

X
+7-7

…

Forthe single antenna case. Exam ple ofDPC

BCBC
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Forthe m ultiple antenna case (Kusers, N, M)
BCBC
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W ith CSIT and CSIR

( )
( ) ( ) ( )

( ) ( ) ( )
1

, log

K

k
k i

i k K

k
k i

r R
π π π

π π π

π =

= +

 
 
 =
 
 
 

∑

∑

T
i i

T
i i

H R H + I

H R H + I

Non-convex

i T
i

Tr R P  ≤ 
 
∑

Difficultto obtain

The stronger are interfering
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Forthe m ultiple antenna case

BC BC commentscomments

1.- k k
k
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Optimal order
Optimal user selection
Starting point for subopt. Strateg.
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M ACM AC --BC Capacity RegionsBC Capacity Regions

44M AC capacity region know n for m any casesM AC capacity region know n for m any cases

6Convex optim ization problem

44BC capacity region typically only know n for BC capacity region typically only know n for 
(parallel) degraded channels(parallel) degraded channels
6Form ulas often not convex

44Can w e find a connection betw een the BC and M AC Can w e find a connection betw een the BC and M AC 
capacity regions?capacity regions?

Duality
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Forthe m ultiple antenna case

BCBC

2.- By duality

1 1

max log
MAC
k
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K K
BC DP MAC
sum sum i i
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i iI H R H
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Forthe m ultiple antenna case

BCBC

3.-

,

( , ) ( , )BCC P Co r
π

π
 

=  
 R

H RU

Forthe G aussian case 

In addition, by duality

The union ofconvexreg.
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( , ) ,..., ;
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i ii
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H
BC MAC K
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Flip the channeland

reverse the order

Sato Upper Bound

Dirty Paper Achievable Region

BC Sum Rate Point
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Forthe m ultiple antenna case

BCBC

4.- EffectofK

DPC can be applied overK>nt



MUMU--MIMOMIMO APSAAPSA Master MeritMaster Merit
3131

Dual Broadcast and M AC ChannelsDual Broadcast and M AC Channels

x

)(1 nh

x

)(nhM

+

)(1 nz

)(1 nx

)(nxM

)(1 ny
)( 1P

)( MP

x

)(1 nh

x

)(nhM

+

)(nzM

)(nyM

+

)(nz

)(ny
)(nx
)(P

Gaussian BC and MAC with same channel gains 
and same noise power at each receiver

Broadcast Channel (BC) Multiple-Access Channel (MAC)
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The BC from  the M ACThe BC from  the M AC

Blue = BC
Red  = MAC

21 hh >

P1=1, P2=1

P1=1.5, P2=0.5

P1=0.5, P2=1.5

),;(),;,( 21212121 hhPPChhPPC BCMAC +⊆

MAC with sum-power constraint

U
PP

MACBC hhPPPChhPC
≤≤

−=
10

211121 ),;,(),;(
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Sum -Pow er M AC

M AC w ith sum pow er constraint
Pow er pooled betw een M AC transm itters
No transm itter coordination

P

P

M AC BC

Sam e capacity region!

),;(),;,(),;( 21
0

211121
1

hhPChhPPPChhPC Sum
MAC

PP
MACBC ≡−=

≤≤
U
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Forthe single antenna case

MACMAC--BC BC dualityduality

An Exam ple

U
PP

MACBC hhPPPChhPC
≤≤

−=
10

211121 ),;,(),;(

W hatis the relationship betw een the optim altxstrategies?

Equating rates and solve forpow ers:
2 2

1 1 1 1
1 12

2 2

2 2

2 2 2 2
2 22

2 1

log 1 log 1

log 1 log 1

MAC BC
MAC BC

MAC
oo

MAC BC
MAC BC

BC
o o

h P h P
r r

NN h P

h P h P
r r

N N h P

   
   = + = + =
   +   
   
   = + = + =
   +   

Opposite decoding order
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Sum m ary ISum m ary I

4Shannon capacity gives fundam ental data 
rate lim its for w ireless channels

4Broadcast channels w ith ISI can use O FDM  
w ith near-optim ality

4Duality and dirty paper coding are used to 
obtain the capacity of a broadcast M IM O  
channel.
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Sum m ary IISum m ary II

Interestingly, both capacity regions are exactly the same (duality property) 
as soon as the power constraint is set on the total transmitted power.

The boundary of the global capacity region can be traced out by means of a 
set of relative priority coefficients

Each boundary point of the capacity region maximizes the linear combination of
the user rates

∑ =
k k 1ς

( )log 1k k k kk k
R R SNIRς ς ς= = +∑ ∑
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Sum m ary IIISum m ary III

Capacity scaling law s in M IM O -BC orpre-log factors

The fundamental role played by the multiple antennas at
either the BS or the users in expanding the channel capacity
is best apprehended by examining how the sum rate 
scales with the number of users K
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Sum m ary IIISum m ary III

( )( )lim min ,max ,
log

DP

SNR

C M N K
SNR→∞

=

lim
log log
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K

C M
KN→∞

=

( )lim min ,
log log

TS

K

C M N
K→∞
=

Capacity scaling law s in M IM O -BC orpre-log factors

Full CSIT and CSIR (im pactofK)

M tx, N rx, K users

If the BS selects and tx only to the user with max rate

( )

2

lim min ,
log

lim
log

DP
SNR

P P MIMO
SNR

C M N
SNR
C

SNR

→∞

−

→∞

=

=

lim 0
log log

DP

K

C
KN→∞

=

No CSIT and full CSIR

(TDM A)
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Sum m ary VSum m ary V
Inform ation theoretic design guidelines

1 -Capacity scaling law s advocate forSDM A.How  m any and w hich

users should be served at any instantoftim e, and how  m uch pow er, is
the problem addressed by the schedulerand resource allocation

strategy

2-Unlike the P2P M IM O , spatialm uxis possible w ith N=1

3-The m uxgain M  com es at the condition ofclose to perfect

CSIT, this is differentfrom P2P M IM O , w here the 

asym ptotic capacity does notdepende on the CSIT.

Therefore, the im portance ofthe feedback channel

4.-Take advantage ofM ultiuserDiversity (big K)

5.-Precoderdesign togetherw ith scheduling: M  useres out ofK

( ) [ ]log 1 /k
k

C SNIR bps Hz= +∑
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1.-For the general case: superposition coding achieves capacity
Superposition coding is a multiresolution technique
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Forthe single antenna case

BCBC

In practice:
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2.-The w eaker user

Forthe single antenna case

BCBC

In practice:
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The strongest user perform s SIC at rx2
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O n the other hand, orthogonal schem es achieve, for each pow er split
P=P1+P2 and degree-of-freedom  split a
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O ne can show  that superposition coding is strictly better than the orth. Schem es.
In these ones, a significant fraction of the degrees of freedom  to the w eak user are
Needed to achieve near single-user perform ance, degrading the strong user

Forthe single antenna case

BCBC


