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When RATE is important
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Communications is a problem of

MUTUAL INFORMATION
W
X /v\
7 = U g
Y

The mutual information between two random
vectors 1S:

f(X.Y)
f(X).f(Y)

Maximice I(X,Y) with respect noise and channel

[(X,Y)= j j (X, X).Lr{ }.dg.dz
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Maximization: First steep
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1.-Gaussian Coding: The first steep to maximize I(X,Y)

max [ f (x).Ln(f (x) 2
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Second steep Pass | : The Importance
of the Determinant of the Tx Covariance
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The mput )
distribution r(_) c g
and Tx Two terms for
powet the Mutual
Information
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det [QJ.det ﬁny \
IX.Y) =£in 0 R, Using the
det R_ P determinant rule
: T (Schur)
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Received Signal

det| R | |

=
|

Received Noise
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Ml in terms of channel, noise and Tx

covariance
det [@ J .
— with
i det [éyy B 5yx 'g'éxy J i \
R =HQH"+R,
We denote MI as =
Capacity C but 1t 1s not R =0H
strictly capacity R =HQ
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MI: Engineering terms

C=Lnfdet| 1, +R'HOH" | ~1n[de| 1 +11"R'HO|
R =H"R'H The channel SNR
_ rrH p-l The absolute SNR of
51{ g =4 ’Ro Hg the communications

scenario

Let us see some examples for MIMO channels




MI (Capacity): Some Examples

A Capacity for Uniform Power Allocation UPA
As

II :ri' .
(AN C =Ln£de{[ Lﬂﬂ :D with
N =y = £
Tm'!'c V= N
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Normaliced with theFroebenius norm of the trace
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C, ., =Ln 1+th.h}
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No advantage for capacity derived for
increasing either the Tx number of antennas

(MISO) or the Rx number of antennas (SIMO)

Chuso = Ln| 1+ Lﬁ ﬁ}
ny

Cono = Ln| 1+y.1" 1]

|

Criso = SIMOZLn[1+7/]

Ciso = Ln[l +7/]
Cono = Ln[l + y/.nR]




MIMO Increase linearly the channel
capacity

Assuming UPA for the channel eigenmodes, the
mutual information is (sub-optimum):

min(ny ,ng )
C= Z Ln| 1+

g=1

. _
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And, for uniform channel eigenvalues (gain), MI
scales linearly with the minimum number of
antennas among Tx/Rx (Worst channel case).

C= min(nT,nR).Ln{l-l— ErA }

n,.\N,




Achieving capacity: Step 2.- Optimal Tx
architecture

C:Ln(det_l +Q£H§01g})=m(det[1 +£ R, ﬁg})

=nR

Since, for definite positive  go( 4) <[] 4,
matrixes -

The optimal Tx strategy 1s to diagonalice the
channel matrix



With the svd of the channel matrix

_ﬂ“max O | zzax
§H gég Lmax _mln]‘ *t
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g: OQH:( .}:)1/2 H).(g.}:)l/z.

MI independent of matrix V, only beamforming as the
eigenvectors of Ry 1s required

[is
I
IS




ﬁ I(X Y) =Ln det_inT +NLgH.£1/2 KH Z-ﬁl/zggz:DZ

\_ I(X Y) = Ln| det _imi( )+NL£1/2 ZH Zg/z.QHD
Kszin g:gégfl 51{ :gégfl
I(X,Y)= C = ln[detQ+Zé)J




Capacity: Steep 3.- Optimum power
allocation

C= Ln(de{] iP viy P D D:
=min nT nR N — — == —H

; I.;;. B min(ng ,ng) 1
A = Ln|1+—2z(¢q).4 (q)}
™\ - { K

min(ny,ng )
TTC Constrained to Z z2(q)=E; The Lagrangian 1s:
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Water-filling algorithm

A AN
water Non
level ,u activated
modes

- Note that not all the modes are used

-Fairness 1ssue: More energy for the best modes

-Gaussian coding and bit-loading requiered



Capacity for UPA

When UPA 1s used the capacity is:

| :Ili:l 'I min(nT,nR)
C=ln|def| [+22R ||= > In EEIEC)
h = n, =H p n,
TTC"

mwede . Lhere is an interesting approximation of this expression
for moderate/high SNR regime, showing that the

geometric mean of the eigenvalues determines the UPA

capacity:
: C =In nMDﬁT ) 14 Er Ay (q) ~n 1In ErAceo
i} = q=1 Ny ! Ry
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Instantaneous Max. Capacity

When all the modes are activated:

H= L + Ayre - Where Ay py =+ s
n s
M > (@)
g=1
The power allocation 1is: E _ .
z(q) = n_T+ /IHIARM _/IHI(Q)
M

Note that all the modes are activated when the mean
energy per mode 1s greater than the difference between

! the inverse of the harmonic mean and the inverse of
) the minimum eigenmode gain.
2 &
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\7 Ty 1 L ﬁ“HARM _
UPA contribution ‘
(No CSIT required) Gain derived

from CSIT

-The gain derived from CSIT does not
depends on the power budget.

- For large SNR regimes the optimum power
allocation to achieve capacity is UPA.

- DSL services. Not power limited. No mask
constrains (twisted pairs). UPA



Beamforming to achieve capacity

When only the
p=Er+ ;2(0) = E; maximum gain
e mode is activated
Coravrormmve = L {1 T & ﬂH,max } the Optimum
0 policy 1s
beamforming
This 1s the case when 1
the second and the first A < .
eigenmode gains satisfy: E, + [j



Correlation degrades the geommetric
mean (the channel determinant)

IO (4,4) VEH-A channel (SMR = 16.00 dBE)
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Ergodic Capacity

When there 1s not CSIT, the Tx design depends on the
statistical knowledge of the channel and the
Instantaneous capacity 1s averaged over channel
statistics.

g = mQaX(E Lln(detg +R g))])

with T mce@ )= E, Is the problem to be solved



The solution to the previous problem for channel
matrixes with 1.1.d. entries following a pdf p(x) such that
it 1s symmetric along the origin, 1.e. p(x)=p(-x), and
circular symmetry p(x)=p(x.e¢/%) is UPA (Uniform
Power Allocation)

The optimum policy for maximizing ergodic
capacity 1s UPA




GAME THEORY APPROACH

-Strategic game with pure strategies

-Strategic game with mixed pure strategies (random
over pure strategies)

- Stackelberg game: Strategies depends on the

N previous selected strategy by another player)
E:?:;ﬂ:ﬁ;l:‘ e Player 1 Player 2
de Catalunya "Transmitter" "Nature"
. - no
Solution ; | i j: :
independent | _1L , {] @ ¥
of the channel | I

constrains



Plaver 2
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Pure strategies:

-Tx performs water-filling of channel

-Channel performs inverse waterfilling of Tx

E Sk - Nac<h eamilibrinnm for flat Tx and Channel
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Always the
same result:

Nash equilibrium on every sub-game

Player 1
"Transmitter"

Player 2
"Nature"

(@, 1,Q)) PQLA, Q) W(,.A0,)) W(Q,.,(0,))
=3 & =3 &
PO HQ,) e = (Q,.1'1Q,))

saddle-point

Capacity with uniformn and non—uniform powe r allocation | Tri HH 1= neng i

30 T T T

—— uniformn power allocation
= non-uniformm power allocation
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OUTAGE Capacity

A

_ w Ergodic capacity has no sense for some channels.

<
Couage = Capacity achieved with probability greater than &
N - Formulation of the problem: Discrete set of N channels
TWTCL‘E . 1 outage con H, Define outage for every
:22&?‘.‘.’.‘;:““"“‘ " 10 nooutage con H channel realization
N
1 g
min ) pi
S.zL.

Difficult to solve = ln(det&Jr gi,Q,gf’])z Cuger (1-1,)

due to the finite
set 0/1 Tmce@g Eq @

n ~S————
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Solve for continous t. (convex problem)

discrete problem to find out the t.

Ergodic and outage capacities (Pout=1.00%) in a MIMO(4,4) channel
25 T T T T T T T

\ e
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I I c ) A putage capac - lower bound : : : :

= ergodic capacity
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Antenna Selection

C(l):Ln{1+(@f.@l)]€—ﬂ

Add Tx antenna following this iteration

O.(H!H, +h,.h.)= (Z by By _)

R
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det [é +§] = det [é} .det B +4_1.B]

and
é = g'(kmﬂ 'ﬁZﬂ)

C(m+1) = C(m)+Li{1+{ (g gi "j g@fjﬂﬂ
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